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Thermal sunset diagram for scalar field theories

Tetsuo Nishikawa,* Osamu Morimatsu,† and Yoshimasa Hidaka‡

Institute of Particle and Nuclear Studies, High Energy Accelerator Research Organization, 1-1, Ooho, Tsukuba, Ibaraki, 305-0801
~Received 13 February 2003; revised manuscript received 3 July 2003; published 28 October 2003!

We study the so-called ‘‘sunset diagram,’’ which is one of two-loop self-energy diagrams, for scalar field
theories at finite temperature. Explicit expressions for the real and imaginary parts of the thermal sunset
diagram are obtained and they are numerically evaluated. This is done separately for the temperature indepen-
dent and dependent parts of the diagram. For the former, the imaginary part is first found and the finite real part
is then obtained through the imaginary part using a twice-subtracted dispersion relation. For the latter, we
express it as a one-dimensional integral in terms of the bubble diagram, which is the one-loop subdiagram of
the sunset diagram. As an application of our result, we study the effect of the diagram on the spectral function
of the sigma meson at finite temperature in the linear sigma model, which was obtained at one-loop order
previously. At high temperature where the decays→pp is forbidden, the sigma meson acquires a finite width
of the order of 10 MeV by the sunset diagram while its width vanishes within the one-loop calculation. At low
temperature, the spectrum does not deviate much from that at one-loop order. Possible consequences with
including other two-loop diagrams are discussed.

DOI: 10.1103/PhysRevD.68.076002 PACS number~s!: 11.10.Wx, 12.40.2y, 14.40.Aq, 14.40.Cs
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I. INTRODUCTION

The so-called sunset diagram, which is depicted in Fig
is one of two-loop self-energy diagrams. The sunset diag
appears in theories with 4-point vertices such as theO(4)
linear sigma model,f4 theory, and so on.

At finite temperature, two-loop self-energy diagrams ha
remarkable features that are not seen at zero tempera
Consider the discontinuity of the self-energy. At zero te
perature, the discontinuity of one-loop diagrams is due
two-particle intermediate states and that of two-loop d
grams comes from three-particle states in addition to tw
particle ones. In general, new processes appear in hi
loop diagrams. However, they contribute to the discontinu
only at higher energies. On the other hand, at finite temp
ture new processes appear even at low energy, though
number of particles participating in the process at a giv
order of loops is the same as that at zero temperature. Th
because some of the particles participating in the process
be those in the heat bath at finite temperature. In particu
there exist processes which are possible at arbitrary ene
Accordingly, the discontinuity of two-loop self-energies
nonvanishing in all the energy region. Therefore extend
calculations to two-loop order has a meaning not just mak
more precision but incorporating new physics in some ca
at finite temperature.

One of such cases is the spectral function for the sig
meson in the linear sigma model. The spectral function of
sigma meson at finite temperature was studied by Chiku
Hatsuda at the one-loop level@1#. The sigma meson at zer
temperature has a large width due to the strong coupling w
two pions. However, they found that at finite temperature
spectral function near thes→pp threshold is enhanced as
typical signal of chiral phase transition. This is because
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the temperature increases, the mass of the sigma meso
creases while that of the pi meson increases due to pa
restoration of chiral symmetry and, accordingly, the pha
space available for thes→pp decay is squeezed to zero. A
finite temperature, however, there exist processes, such a
sigma meson collide with or absorb a thermal particle in
heat bath, which contribute to the discontinuity at arbitra
energy for the sigma meson, as discussed above. If we
clude them, the structure of the spectral function might
significantly modified. Their effects on the spectral functi
cannot be taken into account until we extend the calcula
including two-loop self-energies.

In the quantum field theory at finite temperature, howev
technology for explicit perturbative calculations of high
loop diagrams is underdeveloped. Indeed, while closed l
diagrams, which contribute to free energy, have been ca
lated up to the three-loop order in symmetricf4 theory @2#,
explicit calculations of all the two-loop self-energy diagram
in theories, symmetry-broken, e.g.,f4 theory or theO(4)
linear sigma model, have not been completely carried
yet. Among two-loop self-energy diagrams, the sunset d
gram has been investigated by some authors so far. Jeon@3#,
Wang and Heinz@4#, and Blaizot and Iancu@5# discussed the
discontinuity of the thermal sunset diagram in symmetricf4

theory and its physical interpretation in terms of element
processes. In Ref.@3# the on-shell value of the discontinuit
was also computed explicitly as a function of spatial mom
tum. Hees and Knoll@6# applied self-consistent Dyson re

1φ

2φ

3φ

Φ

FIG. 1. ‘‘Sunset’’ diagram. We label the external particle b
‘‘ F ’’ and internal particles with massmi by f i .
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summation to symmetricf4 theory and numerically com
puted the sunset diagram.

In this paper, we evaluate the sunset diagram for sc
filed theories, as depicted in Fig. 1, with arbitrary intern
particle’s masses and external momentum. It is a first s
forward to the complete two-loop analysis of thes spectral
function at finite temperature. To compute the diagram,
first rewrite it as a convolution of the one-loop diagram, t
bubble diagram~see Fig. 2!. The expression of the bubbl
diagram at finite temperature is well-known. Using the e
pression of the diagram, we evaluate the sunset diagram
merically. The structure of the imaginary part of the sun
diagram is also discussed. Then we study the effects of
diagram on thes spectrum by applying a resummation tec
nique called optimized perturbation theory@1# to the O(4)
linear sigma model.

This paper is organized as follows. In the second sect
we summarize the expression of the ‘‘bubble’’ diagram
one-loop subdiagram of the sunset diagram as a prepara
In the third section, we explain how we renormalize a
calculate the sunset diagram. Using our result for this d
gram, we study the effects of the diagram on the spec
function of s at finite temperature in the fourth section. F
nally we summarize the paper in the fifth section. In t
appendixes we give a brief review of the real time formali
@7–19#, which we use for the calculation of diagrams, a
also discuss the structure of the imaginary part of the su
diagram.

II. BUBBLE DIAGRAM

The ‘‘bubble’’ diagram appears as a subdiagram of
sunset diagram and therefore we need the expression o
former in the calculation of the latter. The structure of
discontinuity at finite temperature has been discussed s
time ago by Weldon@20# and by now its calculation is wel
understood~e.g., @6#!. In this section we summarize the e
pressions of the bubble diagram for later use.

Among the 4-components of the bubble diagram we n
only the ~1,1! component since the sunset diagram does
have any internal vertices. The~1,1! component of the
bubble diagram for scalar particles is given by

iIbub~p;m1 ,m2!115 i E d4k

~2p!4
iD11

F ~p1k;m1!iD11
F ~k;m2!,

~1!

1φ

2φ

FIG. 2. ‘‘Bubble’’ diagram.
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where iD11
F (p;m) is the ~1,1! component of the free propa

gator of a scalar particle with massm given in Eq. ~A1!.
Equation~1! can be expressed as the sum of terms with d
ferent numbers of Bose-Einstein factors,n:

iIbub~p;m1 ,m2!115 i I (2)~p2;m1 ,m2!1@ iF (2)~p;m1 ,m2!

1~1↔2!#1 iF (3)~p;m1 ,m2!. ~2!

Each term in the right-hand side is, respectively, given b

i I (2)~p2;m1 ,m2!

5 i E d4k

~2p!4

i

~p1k!22m1
21 ih

i

k22m2
21 ih

, ~3!

iF (2)~p;m1 ,m2!

5 i E d4k

~2p!4

i

~p1k!22m1
21 ih

n~k0!2pd~k22m2
2!,

~4!

iF (3)~p;m1 ,m2!

5 i E d4k

~2p!4
n~p01k0!

32pd@~p1k!22m1
2#n~k0!2pd~k22m2

2!. ~5!

The T-independent partI (2) is given in textbooks@21#. In
d-dimension it is given by

i I (2)~p2;m1 ,m2!

5
21

16p2 S 2
1

ē
1x1ln

m1
2

k2
2x2ln

m2
2

k2
222I D , ~6!

wherek is the renormalization point and 1/ē andx6 are

1

ē
[

1

e
2g1 ln 4p @e5~42d!/2, g: Euler constant#,

~7!

x6[6
1

2
1

m1
22m2

2

2p2
. ~8!

I is given by
2-2



I 55
ACF ln

~x12AC!~x21AC!

~x22AC!~x11AC!
1 i2pG for p2.~m11m2!2

22ADFarctan
x1

AD
2arctan

x2

AD
G for ~m12m2!2,p2,~m11m2!2

~AC2x !~AC1x !

~9!
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AC ln
1 2

~AC2x2!~AC1x1!
for p2,~m12m2!2,
ts

e-
whereC andD are

C[
1

4 F12
~m11m2!2

p2 GF12
~m12m2!2

p2 G , D[2C.

~10!

We see from Eqs.~3! and~9! that the imaginary part ofi I (2)

is nonvanishing forp2.(m11m2)2.
Let us next turn to theT-dependent part,iF (2) and iF (3).

The imaginary part ofiF (2)(p;m1 ,m2) is given analytically
as follows:

~1! For p2.(m11m2)2 or 0,p2,(m12m2)2,

Im iF (2)~p;m1 ,m2!5
1

16pupu
1

b
lnU12e2bv1

12e2bv2
U . ~11!

~2! For (m12m2)2,p2,(m11m2)2,

Im iF (2)~p;m1 ,m2!50. ~12!

~3! For p2,0,

Im iF (2)~p;m1 ,m2!

5
1

16pupu
21

b
lnu~12e2bv1!~12e2bv2!u.

~13!

Here,

v65
1

2UAS 11
m2

22m1
2

p2 D 2

up0u

6AF12
~m21m1!2

p2 GF12
~m12m2!2

p2 G upuU .
~14!

iF (3) has only an imaginary part and is given as follows:

~1! For p2.(m11m2)2,
07600
iF (3)~p;m1 ,m2!5
i

8pupub
1

ebup0u21

3 lnU12e2bv1

12e2bv2

eb(up0u2v2)21

eb(up0u2v1)21
U .

~15!

~2! For (m12m2)2,p2,(m11m2)2,

iF (3)~p;m1 ,m2!50. ~16!

~3! For 0,p2,(m12m2)2,

iF (3)~p;m1 ,m2!5
i

8pupub
•

1

ebup0u21
F lnU12e2bv1

12e2bv2
U

2ebup0ulnU12e2b(up0u1v1)

12e2b(up0u1v2)UG . ~17!

~4! For p2,0,

iF (3)~p;m1 ,m2!5
i

8pupub H 1

e2bup0u21
@2 lnu12e2bv1u

1e2bup0ulnu12e2b(v12up0u)u#

1
1

ebup0u21
@2 lnu12e2bv2u

1ebup0ulnu12e2b(v21up0u)u#J . ~18!

In Eqs.~15!–~18!, v6 are given by Eq.~14! with m1 andm2
replaced by max$m1 ,m2% and min$m1 ,m2%, respectively,
sinceF (3)(p;m1 ,m2) is symmetric with respect tom1 and
m2 by definition.

It should be noted that theT-dependent part has two cu
in the complexp2 plane: one starts fromp25(m11m2)2 to
the right along the real axis and the other fromp25(m1
2m2)2 to the left.

The real part of iF (2) can be expressed as a on
dimensional integral:
2-3
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ReiF (2)~p;m1 ,m2!

5
1

16p2upu
E

m2

`

dvn~v!P lnU~p212p0v22upuAv22m2
21m2

22m1
2!~p222p0v22upuAv22m2

21m2
22m1

2!

~p212p0v12upuAv22m2
21m2

22m1
2!~p222p0v12upuAv22m2

21m2
22m1

2!
U ,

~19!
al

u

ig

-

d in-

in

.e.,

of

am

n
ted
where P stands for the prescription of Cauchy’s princip
value. The integration in Eq.~19! will be carried out numeri-
cally.

III. CALCULATION OF THE THERMAL
SUNSET DIAGRAM

In this section, we explain how to renormalize and calc
late the thermal sunset diagram.

The ~1,1! component of the sunset diagram shown in F
1 is given by

Isun~k;m1 ,m2 ,m3!11

5E d4p

~2p!4
iD11

F ~p;m1!

3E d4q

~2p!4
iD11

F ~q;m2!iD11
F ~k2p2q;m3!.

~20!

We decompose Eq.~20! into terms with and without Bose
Einstein factors, which we denote byI sun

th (k2;m1 ,m2 ,m3)11

andI sun
vac(k;m1 ,m2 ,m3)11, respectively:

Isun~k;m1 ,m2 ,m3!115I sun
vac~k2;m1 ,m2 ,m3!11

1I sun
th ~k;m1 ,m2 ,m3!11. ~21!

They can be written as

I sun
vac~k2;m1 ,m2 ,m3!11

5E d4p

~2p!4

i

p22m1
21 ih

I (2)@~k2p!2;m2 ,m3#, ~22!

+ +

(a) (b) (c)

s+u

FIG. 3. Renormalization of the sunset diagram. The diagr
labeled~a! is a bare sunset diagram. The diagrams labeled~b! and
~c! cancel the sub- and overall divergences in~a!, respectively.~b! is
generated from the counterterm which removes the diverge
of the one-loop four-point vertex function ins andu channels~see
Fig. 4.!.
07600
-

.

I sun
th ~k;m1 ,m2 ,m3!11

5E d4p

~2p!4

i

p22m1
21 ih

3@~F (2)~k2p;m2 ,m3!1~2↔3!!

1F (3)~k2p;m2 ,m3!#1E d4p

~2p!4
n~p0!

32pd~p22m1
2!@ I (2)

„~k2p!2;m2 ,m3…

1„F (2)~k2p;m2 ,m3!1~2↔3!…

1F (3)~k2p;m2 ,m3!#. ~23!

These expression are obtained by expressing the secon
tegral in Eq.~20! in terms ofI (2), F (2), andF (3) given in the
previous section. We rewrite the integrand of the first term
the T-dependent part of Eq.~23! so that it becomes
the same form as that in the second term, i
~a delta function!3~some functions!. This can be done by
recombining the two factors in the integrand
F (2)(k2p;m2 ,m3)1(2↔3) and F (3)(k2p;m2 ,m3), the
T-independent part andT-dependent part ofiD11

F :

I sun
th ~k;m1 ,m2 ,m3!11

5E d4p

~2p!4
$n~p0!2pd~p22m1

2!@ I (2)
„~k2p!2;m2 ,m3…

1~F (2)~k2p;m2 ,m3!1~2↔3!!

1F (3)~k2p;m2 ,m3!#1n~p0!2pd~p22m2
2!

3@ I (2)
„~k2p!2;m1 ,m3…1F (2)~k2p;m1 ,m3!#

1n~p0!2pd~p22m3
2!I (2)

„~k2p!2;m1 ,m2…%. ~24!

ce

+ +

p

p

p

p
2

1

3

4

s+u

FIG. 4. Four-point vertex function at one-loop order ins andu
channels inf4 theory. The last diagram stands for the one genera
from the counterterm,2l/4!Cf4, in Eq. ~25!.
2-4
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It is well known that the vacuum part
I sun

vac(k2;m1 ,m2 ,m3)11, is divergent. The thermal par
I sun

vac(k;m1 ,m2 ,m3)11, is also divergent because it include
I (2). We first discuss how they are renormalized.

A. Renormalization

At finite temperature the sunset diagram is renormali
in the same way as at zero temperature by combining
three diagrams given in Fig. 3.

In order to be specific we take thef4 theory:

L5
1

2
~]mf!22

1

2
m2f22

l

4!
f41

1

2
A~]mf!22

1

2
Bm2f2

2
l

4!
Cf4, ~25!

where the last three terms are counterterms.
The expressions of the three diagrams,~a!, ~b!, and~c! in

Fig. 3, are as follows, respectively:

P (a)5
~2 il!2

6 E d4p

~2p!4
iD11

F ~p;m!

3E d4q

~2p!4
iD11

F ~q;m!iD11
F ~k2p2q;m!, ~26!

P (b)5
1

2
lCE d4p

~2p!4
iD11

F ~p;m!, ~27!

P (c)52 iBm2. ~28!

C is determined so as to cancel the divergence of the o
loop four-point vertex function ins and u channels at zero
temperature as depicted in Fig. 4.

~2 il!2

2
@ I (2)~s;m,m!1I (2)~u;m,m!#2 ilC5finite,

~29!

wheres5(p11p2)2 andu5(p12p4)2.
It is well known that theT-independent part of the suns

diagram is renormalized by combiningP (a), P (b), andP (c)

@30#. Here, we demonstrate that the divergence of
T-dependent part also cancels inP (a) and P (b) (P (c) is
T-independent!. The T-dependent part ofP (a) and P (b) is
given, respectively, by
07600
d
e

e-

s

P (a)5
~2 il!2

6 E d4p

~2p!4
n~p0!2pd~p22m2!

3@3i I (2)
„~k2p!2;m,m…13iF (2)~k2p;m,m!

1 iF (3)~k2p;m,m!#, ~30!

P (b)5
1

2
lCE d4p

~2p!4
n~p0!2pd~p22m2!. ~31!

The divergence in Eq.~31! comes only fromI (2). Then, the
divergence in the sum of theT-dependent part,P (a)1P (b),
becomes

E d4p

~2p!4
n~p0!2pd~p22m2!

3H ~2 il!2

2
i I (2)@~k2p!2;m,m#1

1

2
lCJ 5finite ~32!

from Eq. ~29!.
This clearly shows that theT-independent coupling con

stant renormalization at one-loop order automatically ren
malizes theT-dependent part of the sunset diagram. This a
means that theT-dependent sunset diagram depends on
scheme adopted for the calculation of theT-independent cou-
pling constant at one-loop order.

In this paper we adopt theMS scheme. In theMS scheme,
C is given by

CMS5
l

16p2

1

ē
~33!

and

P (a)1P (b)5
~2 il!2

6 E d4p

~2p!4
n~p0!2pd~p22m2!

3@3i Ĩ (2)
„~k2p!2;m,m…13iF (2)~k2p;m,m!

1 iF (3)~k2p;m,m!#, ~34!

where Ĩ (2) denotesI (2) with the 1/ē term subtracted.
Also in other theories the renormalization of th

T-dependent part of the sunset diagram can be carried o
a similar way by subtracting the divergence in the subd
gram. If we adopt theMS scheme, it amounts to taking ou
the 1/ē term.

Next, we show how we calculate the finiteT-independent
andT-dependent parts of the sunset diagram separately.
2-5
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B. T-independent part

The T-independent part of sunset type diagrams has b
calculated by several authors@6,22# so far. In this paper we
calculate its finite part by using a dispersion relation. T
method which we employ is basically the same as that
Hees and Knoll@6#. We first find the imaginary part o
iI sun

vac(k2;m1 ,m2 ,m3)11 and then compute the finite real pa
using the obtained imaginary part,via the twice-subtracted
dispersion relation.

In order to calculate the imaginary part o
iI sun

vac(k2;m1 ,m2 ,m3)11, we substitute a dispersion relatio
for i I (2)@(k2p)2;m2 ,m3#:

i I (2)@~k2p!2;m2 ,m3#

5
1

pE(m21m3)2

`

dM2
Im i I (2)~M2;m2 ,m3!

M22~k2p!22 ih
, ~35!

into Eq. ~22!. Then, we obtain

iI sun
vac~k2;m1 ,m2 ,m3!11

5
1

pE(m21m3)2

`

dM2 Im i I (2)~M2;m2 ,m3!• i

3E d4p

~2p!4

i

p22m1
21 ih

i

~k2p!22M21 ih

5
1

pE(m21m3)2

`

dM2 Im i I (2)~M2;m2 ,m3!

3 i I (2)~k2;m1 ,M !. ~36!

We take the imaginary part of this equation:

Im iI sun
vac~k2;m1 ,m2 ,m3!11

5
1

pE(m21m3)2

`

dM2 Im i I (2)~M2;m2 ,m3!

3Im i I (2)~k2;m1 ,M !. ~37!
07600
en

e
y

Using the expression for Imi I (2)(p2;m,m2) we can easily
evaluate Eq.~37! numerically.

Next we turn to the real part. In order to calculate its fin
part, we use the twice-subtracted dispersion relation:

Rei Ĩsun
vac~k2;m1 ,m2 ,m3!11

[ReH iI sun
vac~k2;m1 ,m2 ,m3!112 iI sun

vac~0;m1 ,m2 ,m3!11

2k2F ]

]k2
iI sun

vac~k2;m1 ,m2 ,m3!11G
k250

J

5
k4

p E
(m11m21m3)2

`

dM2P
Im iI sunset

vac ~M2;m1 ,m2 ,m3!

M4~M22k2!
.

~38!

As discussed above, each term in the left-hand side
divergent but the right-hand side is finite and rema
unchanged by renormalization. Using the results
Im iI sun

vac(M2;m1 ,m2 ,m3) we calculate Eq.~38!. This is done
by splitting the integrand of Eq.~38! into the singular term,
}1/M22k2, and the nonsingular term. The integration of t
singular term is obtained analytically while that of the no
singular term is calculated numerically with the standa
method.

After Rei Ĩsun
vac(mphys

2 ;m1 ,m2 ,m3)11 is subtracted, Eq.~38!
coincides with that in the modified minimal subtractio
(MS) scheme up to an irrelevant overall factor.

C. T-dependent part

After renormalizing in MS scheme, and puttingk
5(k0 ,0), Eq. ~24! is reduced to
i Ĩsun
th ~k0 ,0;m1 ,m2 ,m3!115

1

4p2 (
t56

H E
m1

`

dvn~v!Av22m1
2i @ Ĩ (2)

„~k01tv!22~v22m1
2!;m2 ,m3…

1~F (2)~k01tv,Av22m1
2;m2 ,m3!1~2↔3!!1F (3)~k01tv,Av22m1

2;m2 ,m3!#

1E
m2

`

dvn~v!Av22m2
2i @ Ĩ (2)

„~k01tv!22~v22m2
2!;m1 ,m3…1F (2)~k01tv,

Av22m2
2;m1 ,m3!#1E

m3

`

dvn~v!Av22m3
2
• i Ĩ (2)

„~k01tv!22~v22m3
2!;m1 ,m2…J .

~39!
2-6
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Using the expressions ofI (2) with the divergence subtracted
F (2) andF (3), we can evaluate the real and imaginary pa
of Eq. ~39! numerically. Each term in theT-dependent par
has the following form:

A3[
1

4p2Em1

`

dEn~E!AE22m1
2@A2~v1E,

AE22m1
2;m2 ,m3!1A2~v2E,AE22m1

2;m2 ,m3!#,

~40!

whereA2(p0 ,upW u,m2 ,m3) stands for the one-loop self-energ
integral,i I (2), iF (2), or iF (3). The derivative of the integrand
is discontinuous atE which corresponds to the branch poi
for A2(p0 ,upW u,m2 ,m3), i.e., p25(m21m3)2 or p25(m2
2m3)2. Therefore we separate the integral region into so
intervals, which correspond top2,(m22m3)2, (m22m3)2

,p2,(m21m3)2, and (m21m3)2,p2, for each term in
Eq. ~40!. In each interval the integration can be carried o
by the standard method.

IV. CONTRIBUTION OF THE THERMAL SUNSET
DIAGRAM TO THE SPECTRAL FUNCTION OF s

AT FINITE TEMPERATURE

The purpose of this section is to see how two-loop d
grams affect observables by evaluating the contribution
the thermal sunset diagram to the sigma meson spectral f
tion at finite temperature in the linear sigma model.

It is known that naive perturbation theory breaks down
TÞ0, and resummation of higher orders is necessary@23–
27#. We adopt here a resummation technique called o
mized perturbation theory~OPT! @1#. We first briefly review
the procedure of OPT applied to theO(4) linear sigma
model. The original linear sigma model Lagrangian is
follows:

L5
1

2
@~]mf i !

22m2f i
2#2

l

4!
~f i

2!21hf01counterterms,

~41!

where f i5(s,pW ) and hf0 being the explicitly symmetry
breaking term. For the renormalized couplingsm2, l, andh
and the renormalization pointk we use the values dete
mined in @1#: m252(283 MeV)2, l573.0, h
5(123 MeV)3, andk5255 MeV.

In OPT one adds and subtracts a new mass term with
massm to the Lagrangian. Thus we have

L5
1

2
@~]mf i !

22m2f i
2#1

1

2
xf i

22
l

4!
~f i

2!21hf0

1~counterterm!, ~42!

where x[m22m2. The idea of OPT is reorganization o
perturbation theory: one treats the added one as a tree-
mass term while the subtracted one as perturbation.

When the spontaneous symmetry breaking takes pl
tree level masses ofp ands read, respectively,
07600
s

e

t
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f
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m0p
2 5m21

l

6
j2, m0s

2 5m21
l

2
j2, ~43!

where j is the vacuum expectation value ofs and deter-
mined by the stationary condition for the thermal effecti
actionV(j,T,m2) @1#:

]V~j,T,m2!

]j
50. ~44!

Note that the derivative with respect toj does not act onm2.
If Green’s functions are calculated in all orders in OP

they should not depend on the arbitrary massm. However, if
one truncates perturbation series at a certain order they
pend on it. One can determine this arbitrary parameter so
the correction terms are as small as possible. We adopt
following condition @1#:

Pp~k25m0p
2 !1Pp~k50;T!50, ~45!

where the first and second terms are, respectively, theT in-
dependent part andT dependent part of the one-loop se
energy of pion.

Let us now turn to the discussion on the spectral funct
of s defined by the imaginary part of the propagator:

rs~k0 ,k!

52
1

p

Im P̄s~k0 ,k!

@k22m0s
2 2ReP̄s~k0 ,k!#21@ Im P̄s~k0 ,k!#2

.

~46!

Here P̄s(k0 ,k) is the self-energy ofs. Its real and imagi-
nary parts are related with~1,1! component,Ps

11, via Eqs.
~A13! and ~A14!.

As was already mentioned, the spectral function at o
loop order was studied by Chiku and Hatsuda@1#. We want
to see how the spectral function at one-loop order is modi
by adding the thermal sunset diagram. Thus we take

Ps
11~k0 ,k!5Ps

11~k0 ,k!one-loop1Ps
11~k0 ,k!sun. ~47!

The first term is the renormalized one-loop self-energy c
culated in@1#. The second term is the renormalized sun
diagram depicted in Fig. 5 and given by

Ps
11~k0 ,k!sun52

l2

6
iIsun~k0 ,k;m0p ,m0p ,m0s!11.

~48!

FIG. 5. The sunset diagram fors. Solid and dashed lines cor
respond tos andp, respectively.
2-7
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We show rs(k0 ,k50) at T5200 MeV and T
5145 MeV in Fig. 6. AtT5200 MeV, the spectral function
at one-loop order consists of ad-function peak fors and a
continuum. By including the sunset diagrams acquires a
width of the order of 10 MeV. At lower temperature,T
5145 MeV, an enhancement of the spectrum near
threshold is observed at one-loop order. When we include
sunset diagram, this feature is not lost.

Let us next discuss the above results. At high tempera
(T5200 MeV), the mass ofs is smaller than twice the pion
mass and the decays→pp is forbidden. As a result, within
the one-loop calculations has zero width. However, at finit
temperatures can interact with thermal particles in a he
bath and change into other states. Among such proce
those which are taken into account by including the sun
diagram are represented in Fig. 9 with (F,f1 ,f2 ,f3) as-
signed to, for example, (s,s,p,p). The processes which
correspond to~a! and ~b! in Fig. 9 are possible fork0
.2m0p1m0s . This affects the spectrum at high energy.~c!
and~d! in Fig. 9 drop off for positivek0. ~e! and~f! affect the
spectrum at low energy since they are possible fork0,m0s

22m0p . The processes which correspond to~g! and ~h! in
Fig. 9 are shown in Fig. 7. They are the most important a
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FIG. 6. Spectral function of thes mesonrs(k0 ,k50) at T
5200 MeV ~upper panel! and T5145 MeV ~lower panel!. The
solid line corresponds tors at one-loop order and the dashed line
that with one-loop self-energy and the sunset diagram.
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give a finite width tos, since they are allowed at arbitrar
positivek0. However, we observe that their effects at low
temperature (T5145 MeV) are small. The reason is trace
back to Eq.~B6!. The term representing the probabilities f
~g! and~h! in Fig. 9 is the fourth term. That integral at lowe
temperature is suppressed due to the statistical weight, s
at lower temperature the masses ofs andp are large.

Finally, we note that, as a consequence of the nonvan
ing imaginary part of the sunset diagram, the spectral fu
tion is also nonvanishing in the entire range ofk0.

V. SUMMARY AND PERSPECTIVE

We have studied the sunset diagram for scalar field th
ries at finite temperature in the real time formalism. We ha
explained how we can reduce it to an expression written
terms of one-loop self-energy integrals, which can be ea
evaluated numerically.

As an application of the result, we have demonstra
how the spectral function ofs at finiteT at one-loop order is
modified when we include the thermal sunset diagram.
high temperature, wheres→pp is forbidden,s acquires a
finite width of the order of 10 MeV due to collisions wit
thermal particles in the heat bath whiles does not have a
width at one-loop order. At lower temperature the spectr
is almost unchanged.

Finally, we comment on the effect of other two-loop di
grams on the spectral function. We have seen that the thr
old enhancement, which was first found in the one-loop c
culation, is retained if we include the sunset diagra
However, in the present calculation the effect of the therm
width of p in the s→pp decay is not included. This is
taken into account by including the diagrams such as sho
in Fig. 8, in which an internalp changes intos absorbing a
thermalp in the heat bath.

In the one-loop calculation,p has a width, Gp

550 MeV, at the temperature,T5145 MeV, at which the
threshold enhancement is observed fors. If we include this
effect as a constant complex mass shift forp in the one-loop
self-energy fors, we expects to acquire a width twice tha
for p, i.e., Gs52Gp @28#. This implies that when the two
loop diagrams such as Fig. 8 are included the spectral fu
tion for s would be significantly modified with the width o

(a) (b) (c)

FIG. 7. The processes which are allowed at all positivek0 con-
tained in the imaginary part of the sunset diagram fors ~Fig. 5!.

FIG. 8. Two-loop self-energy diagram in which internalp
changes intos by absorbing thermalp in the heat bath.
2-8
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about 100 MeV. The calculations of those diagrams are n
in progress@29#.
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APPENDIX A: BRIEF REVIEW OF THE REAL
TIME FORMALISM

For the calculations of thermal Feynman diagrams
adopt the real time formalism throughout this paper.
briefly review the formalism in this appendix.

In the real time formalism propagators are given by
32 matrices. The 4-components of the free propagator
scalar particle with massm are given by@19#

iD11
F ~k;m!5

i

k22m21 ih
1n~k0!2pd~k22m2!,

~A1!

iD12
F ~k;m!5esk0@n~k0!1u~2k0!#2pd~k22m2!,

~A2!

iD21
F ~k;m!5e2sk0@n~k0!1u~k0!#2pd~k22m2!,

~A3!

iD22
F ~k;m!5

2 i

k22m22 ih
1n~k0!2pd~k22m2!,

~A4!

where n(k0) is the Bose-Einstein distribution function a
temperatureT[1/b:

n~k0!5
1

exp~buk0u!21
. ~A5!

Off-diagonal elements depend on a free parameters. In this
paper we make the symmetrical choices5b/2, leading to

iD12
F ~k;m!5 iD21

F ~k;m!5ebuk0u/2n~k0!2pd~k22m2!.
~A6!

We denote the matrix of the full propagator by

D̃~k;m!5S D11~k;m! D12~k;m!

D21~k;m! D22~k;m!
D . ~A7!

Each component is the solution of the Schwinger-Dys
equation:

Dab~k;m!5Dab
F ~k;m!1Dac

F ~k;m!Pcd~k!Ddb~k;m!,
~A8!

wherePcd(k) is the self-energy.
The following matrix
07600
w

-
s,

e
e

a

n

U~k!5S A11n~k0! An~k0!

An~k0! A11n~k0!
D , ~A9!

‘‘diagonalizes’’ the free propagator:

U~k!21S D11
F ~k;m! D12

F ~k;m!

D21
F ~k;m! D22

F ~k;m!
D U~k!21

5S D0
F~k;m! 0

0 2D0
F~k;m!*

D , ~A10!

whereD0
F(k;m) is the Feynman propagator atT50,

D0
F~k;m!5

1

k22m21 ih
. ~A11!

It is known thatU(k) also diagonalizes the full propagato
@19# as well asPab(k)

Pab~k!5@U~k!21#acS P̄~k! 0

0 2P̄~k!*
D

cd

@U~k!21#db.

~A12!

This matrix equation gives relations between matrix e
ments:

ReP̄~k!5ReP11~k!, ~A13!

Im P̄~k!5tanh~buk0u/2!Im P11~k!, ~A14!

Im P̄~k!5 i sinh~buk0u/2!P12~k!. ~A15!

Let us next find the expression of the spectral functio
D11 has the following spectral representation:

D11~k;m!5E dv2r~v,k!D11
F ~k0 ,v!, ~A16!

where we denote the argument ofD11
F by k0 and v

[Ak21m2 instead ofk andm. One can prove that, ifD11 is
given in Eq.~A16!, the Green function

D~ t,x!5
i

~2p!4E d4keik•xD11~k;m! ~A17!

obeys the Kubo-Martin-Schwinger~KMS! condition @31#.
From Eq.~A16! we obtain
2-9
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r~k!52
1

p
tanh~buk0u/2!Im D11~k;m!. ~A18!

Our next task is thus to find the expression of ImD11(k;m).
Denoting the diagonalized full propagator by
v

07600
U~k!21D̃~k;m!U~k!215S D~k;m! 0

0 2D~k;m!*
D ,

~A19!

we obtain
D̃5U~k!S D~k;m! 0

0 2D~k;m!*
D U~k!

5S @11n~k0!#D~k;m!2n~k0!D~k;m!* An~k0!@11n~k0!#@D~k;m!2D~k;m!* #

An~k0!@11n~k0!#@D~k;m!2D~k;m!* # 2@11n~k0!#D~k;m!* 1n~k0!D~k;m!
D . ~A20!
m-
ter

ry

to
q.

-
eal

the

by

a-
Taking the (1,1) components in both sides of the abo
equation yields

Im D11~k;m!5coth~buk0u/2!Im D~k;m!. ~A21!

The expression forD(k;m) can be found in the following
manner. In Eq.~A8!, iteratively using Eq.~A8! itself in the
right-hand side and diagonalizing, we obtain

U~k!21D̃~k;m!U~k!21

5S D0
F~k;m! 0

0 2D0
F~k;m!*

D
1S D0

F~k;m! 0

0 2D0
F~k;m!*

D
3S P̄~k! 0

0 2P̄~k!*
D

3S D0
F~k;m! 0

0 2D0
F~k;m!*

D 1•••.

~A22!

The ~1,1! component of this equation gives

D~k;m!5@U~k!21D̃~k;m!U~k!21#11

5D0
F~k;m!1D0

F~k;m!P̄~k!D0
F~k;m!1•••

5
1

k22m22P̄~k!
. ~A23!

Therefore, from Eqs.~A18!, ~A21!, and~A23!, we obtain the
desired expression of the spectral function:
e
r~k!52

1

p

Im P̄~k!

@k22m22ReP̄~k!#21@ Im P̄~k!#2
.

~A24!

Thus the spectral function can be written only with one co
ponent of the self-energies while all the components en
D11(k;m) @see Eq.~A8!#.

APPENDIX B: STRUCTURE OF THE IMAGINARY PART
OF THE SUNSET DIAGRAM

In this appendix we study the structure of the imagina
part of the sunset diagram. We rederive the results of@3–5#
by extending the method for bubble diagrams by Fujimo
et al. @32#. Following the method by the authors, we use E
~A15! @32#, namely

Im i Īsun~k;m1 ,m2 ,m3!

5 i sinh~buk0u/2!iIsun~k;m1 ,m2 ,m3!12. ~B1!

Here Īsun(k;m1 ,m2 ,m3) is the (1,1) component of the di
agonalized self-energy matrix for the sunset diagram in r
time formalism, andb[1/T (T is temperature!. We note that
the self-energy which actually enters spectral functions is
diagonalized one@see Eq.~A24!#. Isun(k;m1 ,m2 ,m3)12 is the
(1,2) component of the sunset diagram, which is given
the following integral:

iIsun~k;m1 ,m2 ,m3!125E d4p

~2p!4
iD12

F ~p;m1!

3 iIbub~k2p;m2 ,m3!12, ~B2!

whereD12
F (p;m) is the (1,2) component of the free propag

tor whose expression is given in Eq.~A6!. Here, it is conve-
nient to use its another form:
2-10
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iD12
F ~p;m1!5ebp0/2f ~p0!e~p0!2pd~p22m1

2!,

f ~p0!5
1

ebp021
. ~B3!

iIbub(p;m1 ,m2)12 denotes the~1,2! component of the bubble
diagram:

iIbub~k2p;m2 ,m3!12

5 i E d4q

~2p!4
iD12

F ~q;m2!iD12
F ~k2p2q;m3!.

~B4!

One can reduce this equation to

iIbub~p;m1 ,m2!125 ieb(k02p0)/2f ~k02p0!

3E d4q

~2p!2

1

4E2E3
$~11n21n3!@d~k0

2p02E22E3!2d~k02p02E21E3!#

2~n22n3!@d~k02p02E21E3!

2d~k02p01E22E3!#%, ~B5!

whereE25Auqu21m2
2 andE35Auk2p2qu21m3

2. We also
defineE15Aupu21m1

2 for later use.ni is the Bose-Einstein
factor defined byni5n(Ei)51/(ebEi21). Using Eqs.~B1!
and ~B2! in which Eq.~B5! is substituted yields

Im i Īsun~k;m1 ,m2 ,m3!

52pe~k0!E d3p

~2p!3E d3q

~2p!3

1

8E1E2E3
$@~11n1!

3~11n2!~11n3!2n1n2n3#d~k02E12E22E3!

1@n1n2n32~11n1!~11n2!~11n3!#d~k01E1

1E21E3!1„@n2n3~11n1!2n1~11n2!~11n3!#

3d~k02E11E21E3!1@n1~11n2!~11n3!

2n2n3~11n1!#d~k01E12E22E3!

1~permutations!…%. ~B6!

In this equation ‘‘permutations’’ stands for the terms o
tained by permuting the particle labels of the third and
forth terms.

Let us now consider the physical content of Eq.~B6!. The
first term in Eq.~B6! may be interpreted as the probabili
for the decayF→f1f2f3 with the statistical weight (1
1n1)(11n2)(11n3) for stimulated emission minus th
probability for the creationf1f2f3→F with the weight
n1n2n3 for absorption. The second term is the antiparti
counterpart of the first term. The third term represents
probability for Ff̄2f̄3→f1 with the weightn2n3(11n1)
minus that forf1→Ff̄2f̄3 with the weightn1(11n2)(1
07600
e

e

1n3). Here f̄ i stands for the antiparticle off i . The forth
term is the antiparticle counterpart of the third term. It re
resents the probability forFf̄1→f2f3 with the weight
n1(11n2)(11n3) minus that for f2f3→Ff̄1 with the
weight n2n3(11n1). All processes are shown in Fig. 9.

We next find the region ofk2 where the physical pro-
cesses contained in Eq.~B6! are possible, which is equiva
lent to looking for the condition under which the integr
over q in Eq. ~B6! survives. For the first and the secon
terms in Eq.~B6! to be nonvanishing,k2 must satisfy the
conditionk2.(m11M23)

2, whereM23 is the invariant mass
of f2 andf3. Therefore, the processes in Figs. 9~a!–9~d! are
possible fork2.(m11m21m3)2 sinceM23.m21m3. The
third and the fourth terms survive whenk2,(m12M23)

2.
The processes in Figs. 9~e!–9~h!, therefore, take place a
arbitrary k2. This is reasonable since the processes in F
9~g! and 9~h! are scattering ones and since those in Figs. 9~e!
and 9~f! can be also regarded as scattering by interpreting
incoming F in ~e! as an outgoing anti-F and by doing the
outgoingF in ~f! as an incoming anti-F. Accordingly, the
imaginary part of the sunset diagram is nonvanishing
arbitrary k2, which is a remarkable feature of the therm
self-energy at and beyond two-loop order@3,5#.
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FIG. 9. The amplitudes in Eq.~B6! responsible for the disap

pearance and reappearance ofF. f̄ i stands for an antiparticle o
f i . ~a! minus ~b! corresponds to the first term in Eq.~B6!, ~c!
minus~d! to the second,~e! minus~f! to the third, and~g! minus~h!
to the forth. Amplitudes obtained by permuting particle labels
~e!, ~f!, ~g!, and~h! also exist.
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