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Thermal sunset diagram for scalar field theories
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We study the so-called “sunset diagram,” which is one of two-loop self-energy diagrams, for scalar field
theories at finite temperature. Explicit expressions for the real and imaginary parts of the thermal sunset
diagram are obtained and they are numerically evaluated. This is done separately for the temperature indepen-
dent and dependent parts of the diagram. For the former, the imaginary part is first found and the finite real part
is then obtained through the imaginary part using a twice-subtracted dispersion relation. For the latter, we
express it as a one-dimensional integral in terms of the bubble diagram, which is the one-loop subdiagram of
the sunset diagram. As an application of our result, we study the effect of the diagram on the spectral function
of the sigma meson at finite temperature in the linear sigma model, which was obtained at one-loop order
previously. At high temperature where the deeay: 77 is forbidden, the sigma meson acquires a finite width
of the order of 10 MeV by the sunset diagram while its width vanishes within the one-loop calculation. At low
temperature, the spectrum does not deviate much from that at one-loop order. Possible consequences with
including other two-loop diagrams are discussed.
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I. INTRODUCTION the temperature increases, the mass of the sigma meson de-
creases while that of the pi meson increases due to partial

The so-called sunset diagram, which is depicted in Fig. 1restoration of chiral symmetry and, accordingly, the phase
is one of two-loop self-energy diagrams. The sunset diagrarspace available for the— 77 decay is squeezed to zero. At
appears in theories with 4-point vertices such as@{é) finite temperature, however, there exist processes, such as the
linear sigma modelg* theory, and so on. sigma meson collide with or absorb a thermal particle in the

At finite temperature, two-loop self-energy diagrams haveheat bath, which contribute to the discontinuity at arbitrary
remarkable features that are not seen at zero temperatuignergy for the sigma meson, as discussed above. If we in-
Consider the discontinuity of the self-energy. At zero tem-clude them, the structure of the spectral function might be
perature, the discontinuity of one-loop diagrams is due taignificantly modified. Their effects on the spectral function
two-particle intermediate states and that of two-loop dia-cannot be taken into account until we extend the calculation
grams comes from three-particle states in addition to twoincluding two-loop self-energies.
particle ones. In general, new processes appear in higher |n the quantum field theory at finite temperature, however,
loop diagrams. However, they contribute to the discontinuitytechnology for explicit perturbative calculations of higher
only at higher energies. On the other hand, at finite temperdoop diagrams is underdeveloped. Indeed, while closed loop
ture new processes appear even at low energy, though thgagrams, which contribute to free energy, have been calcu-
number of particles participating in the process at a givenated up to the three-loop order in symmetié theory[2],
order of loops is the same as that at zero temperature. This ékplicit calculations of all the two-loop self-energy diagrams
because some of the particles participating in the process caf theories, symmetry-broken, e.gb? theory or theO(4)
be those in the heat bath at finite temperature. In particulatinear sigma model, have not been completely carried out
there exist processes which are possible at arbitrary energyet. Among two-loop self-energy diagrams, the sunset dia-
Accordingly, the discontinuity of two-loop self-energies is gram has been investigated by some authors so far.[Bon
nonvanishing in all the energy region. Therefore extendingyang and Hein£4], and Blaizot and lanc[b] discussed the
calculations to two-loop order has a meaning not just makingiiscontinuity of the thermal sunset diagram in symmefc
more precision but incorporating new physics in some casegheory and its physical interpretation in terms of elementary
at finite temperature. processes. In Ref3] the on-shell value of the discontinuity

One of such cases is the spectral function for the sigmgvas also computed explicitly as a function of spatial momen-
meson in the linear sigma model. The spectral function of theum. Hees and Knol[6] applied self-consistent Dyson re-
sigma meson at finite temperature was studied by Chiku and
Hatsuda at the one-loop levEl]. The sigma meson at zero

temperature has a large width due to the strong coupling with 0

two pions. However, they found that at finite temperature the

spectral function near the— 77 threshold is enhanced as a /_\
typical signal of chiral phase transition. This is because, as ) (P2
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WhereiAfl(p;m) is the (1,1) component of the free propa-

hal gator of a scalar particle with mass given in Eq.(Al).
Equation(1) can be expressed as the sum of terms with dif-
ferent numbers of Bose-Einstein factons,

i Zoud P; M1, My) 11=i1 A(pZ;my,my) +[iF@(p;my,my)
@ F(1e2)]HF(pimLm). ()

FIG. 2. “Bubble” diagram.

Each term in the right-hand side is, respectively, given by
summation to symmetrigh* theory and numerically com-
puted the sunset diagram. (@) 2

In this paper, we evaluate the sunset diagram for scald! "~'(P: M1, My)
filed theories, as depicted in Fig. 1, with arbitrary internal K . .
particle’s masses and external momentum. It is a first step :ij ! !
forward to the complete two-loop analysis of thespectral (2m)* (p+k)2—m2+in kP—m2+iy
function at finite temperature. To compute the diagram, we
first rewrite it as a convolution of the one-loop diagram, the
bubble diagram(see Fig. 2 The expression of the bubble iF®)(p;m;,m,)
diagram at finite temperature is well-known. Using the ex-
pression of the diagram, we evaluate the sunset diagram nu- if d*k i
merically. The structure of the imaginary part of the sunset 4 2_ 2
diagram is also discussed. Then we study the effects of the (2m™ (pHk)"—my+i
diagram on ther spectrum by applying a resummation tech- (4)
nique called optimized perturbation thedr/] to the O(4)
linear sigma model.
This paper is organized as follows. In the second sectioriF > (p; My, my)

we summarize the expression of the “bubble” diagram, a "
one-loop subdiagram of the sunset diagram as a preparation. :iJ d'k n(po+ko)
In the third section, we explain how we renormalize and (2m)* 0n o
calculate the sunset diagram. Using our result for this dia-
gram, we study the effects of the diagram on the spectral x 27 8] (p+k)?—mi]n(ko) 27 5(k*—m3). (5
function of ¢ at finite temperature in the fourth section. Fi-
nally we summarize the paper in the fifth section. In the ] @ i ]
appendixes we give a brief review of the real time formalism € T-independent part’’ is given in textbookgd21]. In
[7—19], which we use for the calculation of diagrams, andd-dimension it is given by
also discuss the structure of the imaginary part of the sunset
diagram.

()

n(ko) 27 8(k?—m3),
n

il @(pZ:m;,m,)
Il. BUBBLE DIAGRAM -1 1 mi mg
: = 5 —:+x+ln—2—x_ln—2—2—l , (6)
167 € K K

The “bubble” diagram appears as a subdiagram of the
sunset diagram and therefore we need the expression of the
fqrmer _in Fhe ca_Ichation of the latter. The structure of itS\yhere « is the renormalization point and Zandx.. are
discontinuity at finite temperature has been discussed some
time ago by Weldorj20] and by now its calculation is well
understoode.g.,[6]). In this section we summarize the ex- 4
pressions of the bubble diagram for later use. =
Among the 4-components of the bubble diagram we need €
only the(1,1) component since the sunset diagram does not (0
have any internal vertices. Thél,1) component of the
bubble diagram for scalar particles is given by

m|

—vy+Indw [e=(4—d)/2, v:. Eulerconstant

\ T (8)

) ) d*k .
'Ibut{p;mlamz)n:'f W'Afl(p"‘k;ml)'AZ(k;mz)’
(1) | is given by

076002-2



THERMAL SUNSET DIAGRAM FOR SCALAR FIELD THEORIES

¢

L —O)(x_ +J’>
(X_— D(x++f>

Xt X_
arctan— arctan—

~2VD)| arctan i —arctan =
(VC—x,)(VC+x.)

Cl

BTN

\/En

whereC andD are

B (M +my)?

(10

We see from Eqg(3) and(9) that the imaginary part df (?)
is nonvanishing fop?>(m;+m,)?.

Let us next turn to th@-dependent partfF (?) andiF (),
The imaginary part ofF ®)(p;m,,m,) is given analytically
as follows:

(1) For p?>(m;+m,)? or 0<p?<(m;—m,)?,

mi ‘my,m,)= —In .
P M) = 6ol B 1—e Fo-|
(2) For (m;—my)2<p?<(my+m,)?,
ImiF@(p;m;,m,)=0. (12)
(3) For p?<
ImiF(Z)(p;ml,mz)
_ In 1—e Po+)(1—e Be-
(13
Here,
2
1 m3—m?
m,+m 2
i\/[1_< 2t my) )M_
p
(14

iF ® has only an imaginary part and is given as follows:

(1) For p?>(m;+m,)?,
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for p?>(m;+m,)?

for  (my—my)?<p?<(my+my)? 9

for  p?<(m;—my)?,

i 1
87|p|B eflpol -1

1— e Bos gBpol—w-) _ 1’

iF(3)(p;m1,m2)=

X 1—g Bo- eﬁ(\Pol—w+)_1"
(15
(2) For (m;—m,)?<p?<(m;+m,)?,
iF(3)(p;m1,m2)=0. (16)
(3) For 0<p?<(m;—m,)?,
i ‘my,m,) = : n
P M) = B alplB eflpd 1| |1 Fo-|
1_e_ﬁ(‘p0|+w+)
—_eBlpolpp|
&N a0 (7

(4) For p2<0,

iF®)(p;my,my)= [—In[1—e Fes|

[ 1
8|p|B | e Alrol— 1

+e_ﬁ‘p0||n|1_e_ﬁ(‘”+_|p0|)|]

+———[—Inj1—e A~
eﬁ\Po|_1[ | |

+eﬂ|po|n|l_eﬁ(“’—+p0)|]] . (18)

In Egs.(15—(18), w. are given by Eq(14) with m; andm,
replaced by majm,,m,} and miqfm,;,m,}, respectively,
since F®)(p;m;,m,) is symmetric with respect ten; and
m, by definition.

It should be noted that th&-dependent part has two cuts
in the complexp? plane: one starts fromp?=(m;+m,)? to
the right along the real axis and the other frgrh=(m,
—m,)? to the left.

The real part ofiF(® can be expressed as a one-
dimensional integral:

076002-3



NISHIKAWA, MORIMATSU, AND HIDAKA

ReiF @(p;my,m,)

PHYSICAL REVIEW D 68, 076002 (2003

-  don(e)PIn (p?+2pow—2|p| v/? — m3 -+ m3— m?) (p?— 2pow — 2|p| Ve~ m3+ mi—m?)|
1672|p| J m, (p?+2pow+ 2|p| Vw?— ma+ma—m3)(p?— 2pgw+ 2|p| Vw?— ma+ m%—mi)"
(19
|
where P stands for the prescription of Cauchy’s principal I‘S*Lr{k:ml.mz.mg)u
value. The integration in Eq19) will be carried out numeri-
cally. f d*p i
2m)% p?P—m2+i
Ill. CALCULATION OF THE THERMAL (2m) v
SUNSET DIAGRAM X[(F@(k—p;my,m3)+(2<3))
In this section, we explain how to renormalize and calcu- “p
late the thermal sunset diagram. +F®(k—p;my,mg) ]+ f 2N(Po)
The (1,1 component of the sunset diagram shown in Fig. (2m)
11s given by X 2m8(p?~mA)[12((k—p)2mg,ms)
Zsud ksmg,mz,mM3) 14 +(F@(k—p;m,,mg) + (2 3))
‘f ®p ¢ (pimo) +FO(k—p;my,mg)]. (23
- P 12\ 1

(2m)*

d'q These expression are obtained by expressing the second in-
xf iAF(q:my)iAf(k—p—q:my). tegral in Eq.(20) in terms ofl @, F®), andF® given in the
(2m* previous section. We rewrite the integrand of the first term in
(20) the T-dependent part of EQq(23) so that it becomes
the same form as that in the second term, i.e.,
We decompose Eq20) into terms with and without Bose- (& delta functiopx (some functiong This can be done by
Einstein factorS, which we denote I?Jn(kz;mlam21m3)11 re(z:omblnlng the two factors in the Integrand of
andZ2k;m;,m,,mg),;, respectively: F(_ J(k—p;my,m) +(2-3) and F(3)(k—|_o;rpz,m3), the
T-independent part an@-dependent part afA;:

Tsud k;my,my,mg) 11=7 k% my,my,mg)
+Z0 (k;my,my,mg) ;. (2D T8 (k;my,my,mg)qy

They can be written as

d4
B f (2:)4{n(p0)2775(p2_ m9)[13((k—p)%my,my)

+(FP(k—p;my,mg) +(23))

vau 2.
Tgod ke my,my,mg) g

d*p
=f (2m)* p2_m2+i,7|(2)[(k—p)2;m2,m3], (22 +FO®(k—p;my,mg)]+n(po) 27 8(p?—m3)
1
X[1P((k=p)?my,mg)+F@(k—p;my,mg)]

+n(po)2md(p2—m3)I A((k—p)Zmy,my)}. (24

/_\ + + X
N s

(@) ©) (c)

FIG. 3. Renormalization of the sunset diagram. The diagram
labeled(a) is a bare sunset diagram. The diagrams labébednd
(c) cancel the sub- and overall divergencegan respectively(b) is
generated from the counterterm which removes the divergence FIG. 4. Four-point vertex function at one-loop ordersiandu
of the one-loop four-point vertex function mandu channelgsee  channels inp* theory. The last diagram stands for the one generated
Fig. 4). from the counterterm;- N/4!C¢*, in Eq. (25).
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It is well known that the vacuum part, (—in)2 d*p
T29Kk%my,m,,mg)1,, is divergent. The thermal part, @)= 5 f 5 ZN(Po) 27 8(p®—m?)
Z&9k;my,m,,mg)q4, is also divergent because it includes (27)

1), We first discuss how they are renormalized. X [3il @((k— p)2 m,m)+ 3iF @ (k= p:m,m)

iIEG)(k=np-
A. Renormalization +HIFP(k=pmm)], (30)
At finite temperature the sunset diagram is renormalized
in the same way as at zero temperature by combining the 1 4
three diagrams given in Fig. 3. 1) — _)\Cf P (027 82— 1 31
In order to be specific we take thg* theory: 2 (2m)* (Po)2ma(p ): 3

1 , 1., N 1 , 1o, The divergence in Eq:31) comes only from ®). Then, the
L=5(0ud)"=5m P"— 7 ¢ "+ 5A(d,¢)"— 5B divergence in the sum of th&-dependent parfi1®+11®),
becomes

— 5 Co% (29

d4
J P (po)2ms(p2—m?)

4
where the last three terms are counterterms. (27)

The expressions of the three diagrait@, (b), and(c) in

iy )2
. . . — 1
Fig. 3, are as follows, respectively: % %“ @[ (k—p)Zm,m]+ E)\C =finite (32
(—iN)2 dp from Eq. (29).
n®= f iAfl(p;m) This clearly shows that th&-independent coupling con-
6 (2m)* stant renormalization at one-loop order automatically renor-
malizes theT-dependent part of the sunset diagram. This also
dq . Eo i F _ means that thd-dependent sunset diagram depends on the
X (277)4|A11(q,m)|A11(k— P—a:m), (26  gcheme adopted for the calculation of féndependent cou-
pling constant at one-loop order. o
In this paper we adopt tHdS scheme. In th&1S scheme,
C is given by
1 d*p
H(b)=—)\CJ ——— AL (p:m), 2
2 (2m)° 11(P; M) (27) o N1 -
MS 1672 €
M©=—iBm?. (28)
and
C is determined so as to cancel the divergence of the one-
loop four-point vertex function irs and u channels at zero (—in)2 ¢
temperature as depicted in Fig. 4. @4 o= P n(pg)2m8(p2—m?)
6 J @m*

(—in)? X[3iT @A((k—p)Z;m,m)+3iF @(k—p;m,m)

[1@(s;m,m) + 1@ (u;m,m)]—irC=finite,
(29

+iF®)(k—p;m,m)], (34)

whereT® denoted (?) with the 17 term subtracted.

wheres=(p;1+p,)? andu=(p;—p4)?. Also in other theories the renormalization of the

It is well known that theT-independent part of the sunset T-dependent part of the sunset diagram can be carried out in
diagram is renormalized by combinid@®, II®, andII(®  a similar way by subtracting the divergence in the subdia-
[30]. Here, we demonstrate that the divergence of itggram. If we adopt théS scheme, it amounts to taking out
T-dependent part also cancels Th® and II® (IT1(© is  the 17 term.
T-independent The T-dependent part ofI® and 1) is Next, we show how we calculate the finifeindependent
given, respectively, by and T-dependent parts of the sunset diagram separately.
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B. T-independent part Using the expression for |Ihh(2)(p2;m’m2) we can easily

The T-independent part of sunset type diagrams has beefivaluate Eq(37) numerically. o
calculated by several authof8,22] so far. In this paper we Next we turn to the real part. In order to calculate its finite
calculate its finite part by using a dispersion relation. ThePart, we use the twice-subtracted dispersion relation:
method which we employ is basically the same as that by
Hees and Knoll[6]. We first find the imaginary part of
iZ229k?;m,,m,,mz),, and then compute the finite real part ~ _

h . . . . . Tvac 2.
using the obtained imaginary paxtia the twice-subtracted Rei Zgid k% my,my,mg) 1y

dispersion relation.
VI;] 2order to calculate the imaginary part _of =Re! i7%k%m,, My, m3) 11— 7230;m; , My, m3) 11
iZ28qk%;my,my,mz)1,, we substitute a dispersion relation
for il @[ (k—p)?;m,,ms]:
k2—0}

J
— k3 —i7¥9k%m;,m,,m
i1 @[ (k= p)2:my,ms] Lkz sl K%My, My, M) 1y

o il @(m2
:E dlemll (M ,mz,m3), (35
T J (my+mg)? MZ—(k—p)Z—Iﬂ
4 - +vac 2.
into Eq. (22). Then, we obtain _K 2pM L sunsek M3 My, Mo, M)
T J (my+my+mg)? M4(M?—k?)
i va 2. (38)
1 7o K%My, my,mg) 1y
L dMZImil @(M2;m,,mg) i As discussed above, each term in the left-hand side is
7 J (my+mg)? divergent but the right-hand side is finite and remains
d‘p i i unchanged by renormalization. Using the results for
f VTR 5 ImiZ2(M?;m;,m,,mg) we calculate Eq(38). This is done
(2m)" p*—mit+in (k—=p)*=M+iy by splitting the integrand of Eq38) into the singular term,
1 (e «1/M2—k?2, and the nonsingular term. The integration of the
= —f dM2Imil A(M?;m,, m;) singular term is obtained analytically while that of the non-
J(mg+mg) singular term is calculated numerically with the standard
Xil @(k2;my ,M). (36) method.
After Rei 2 mp,,s:M1,M,, M) 14 is subtracted, Eq38)

We take the imaginary part of this equation: coincides with that in the modified minimal subtraction

(MS) scheme up to an irrelevant overall factor.
ImiZ gk my ,my,mg)

1= . C. T-dependent part

= LAMZ Im il @(M?;m;,mg) epencent par
T J (ma+mg) After renormalizing in MS scheme, and putting
xImil A(k?my,M). (37 =(ko,0), Eq.(24) is reduced to

~ 1 o -
iIgLr(kan;mlamZ:mS)ll:F > ( don(w) v’ =mii[TD((kg+ r@)?— (0’ —m3);my,mg)
me =% mq
+(F@(ko+ 700, w2 —mZ;my,mg) + (2 3)) + F®(ko+ 70, Vo’ — mZ;m,,my) ]

+ | don(w)yw’- mzzi [T@((kg+ T0)%— (%~ m%);ml,m3)+ F@(ko+ 70,

my

\/wz—mg;ml,m3)]+fm don()w?—ms-il @((kg+ 70)2— (0?—m3);m;,my) | .
3

(39
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Using the expressions ®f?) with the divergence subtracted, PR N
F2 andF®), we can evaluate the real and imaginary parts it Y
of Eqg. (39) numerically. Each term in th&-dependent part Y T
has the following form: \\ !
1 (= o
Az= _2J dEn(E)\/EZ— mi[Az(aH‘ E, FIG. 5. The sunset diagram fer. Solid and dashed lines cor-
Am=Jm respond tar and ar, respectively.
VEZ—mi;my,mg) + Ay(w—E,E2—m3Z;m,,mg)], N N
(40 Mo =M+ =&, mg,=m’+5 &, (43

whereAz(po,||5| ,M,,m3) stands for the one-loop self-energy
integral,il @), iF®) oriF ®). The derivative of the integrand
is discontinuous aE which corresponds to the branch point
for Ax(po.|pl.mz.my), ie., pP=(my+mg)? or p?=(m,
—my)2. Therefore we separate the integral region into some IV(&,T,m?)
intervals, which correspond %< (m,—mg)?, (m,—m5)? o
<p?<(my+ms)?, and (m,+ms)2<p?, for each term in
Eq. (40). In each interval the integration can be carried outnote that the derivative with respectgadoes not act om?.

where ¢ is the vacuum expectation value of and deter-
mined by the stationary condition for the thermal effective
actionV(&,T,m?) [1]:

(44)

by the standard method. If Green’s functions are calculated in all orders in OPT,
they should not depend on the arbitrary mas$lowever, if
IV. CONTRIBUTION OF THE THERMAL SUNSET one truncates perturbation series at a certain order they de-
DIAGRAM TO THE SPECTRAL FUNCTION OF o pend on it. One can determine this arbitrary parameter so that
AT FINITE TEMPERATURE the correction terms are as small as possible. We adopt the

The purpose of this section is to see how two-loop dia_followmg condition[1};

grams affect observables by evaluating the contribution of
the thermal sunset diagram to the sigma meson spectral func-
tion at finite temperature in the linear sigma model.

I, (k*=m2_)+11,.(k=0;T)=0, (45)

where the first and second terms are, respectively[Tthe

ependent part and@ dependent part of the one-loop self-
T+0, and resummation of higher orders is neces$asy- engrgy of pi%n. P P P

27]. We adopt here a resummation technique called opti- | o5 now turn to the discussion on the spectral function

mized perturbation theor§OPT) [1]. We first briefly review ¢ 1 6004 by the imadinary part of the propagator:
the procedure of OPT applied to th@(4) linear sigma 7 el y imaginary p propagator:

model. The original linear sigma model Lagrangian is as, (ko,k)
follows: 7

L N 1 IM T (Ko ,K)
L£=5[(8,1)° = u? 71— 77 (67)*+h o+ counterterms, T [k2—m2,— Rell (Ko, k) 12+ Im I, (ko,K)]?
(41) (46)

where ¢i=(a,%) and h¢, being the explicitly symmetry Herell

breaking term. For the renormalized couplingg \, andh nary p;rilgoél:()a IrZI:]tg dssxlllict(:mla)r%)(l)rﬂgér:t:n:,??lllar:/(ijalEggl
an_d the r_enormalizatign point we usze the values deter- (A13) and (A14) ' o '
r:|(n1e2d3 M::V)3[gﬁd K'i 2_55 ﬁg\? MeVvy, =730, h As was already mentioned, the spectral function at one-
In OPT oné adds and subtra(.:ts a new mass term with thlé?op order was studied by Chiku and Hatsjda We want
. 10 see how the spectral function at one-loop order is modified
massm to the Lagrangian. Thus we have

by adding the thermal sunset diagram. Thus we take

1 1 A
£= 510,602 =M HP]+ 5 x$f = 77 (d])2+hho 157 (ko,K) =TT (Ko k) one-oopt T (Ko K)sun-— (47)
+ (countertermy (42 The first term is the renormalized one-loop self-energy cal-

culated in[1]. The second term is the renormalized sunset
where y=m?— u2. The idea of OPT is reorganization of diagram depicted in Fig. 5 and given by
perturbation theory: one treats the added one as a tree-level
mass term while the subtracted one as perturbation. 11 _ N _
When the spontaneous symmetry breaking takes place, T (koK) sun= 6 Zou KoK Moz s Moz, Mog )11
tree level masses af and o read, respectively, (48)

2
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18 T T T T T T T \\\\ //// \ /’// \\\\
\ o P e ~o
16 L ;“h"v, | N L C ~
Sl -
5 3 @ ® ©
; 12 | | E . o
2 wl I | _ FIG._ 7. Th_e processes which are aIIoweq at all p05|_klyeon-
§ i tained in the imaginary part of the sunset diagramdo(Fig. 5).
'ﬂ 8 L i 4
T 6l I _ give a finite width too, since they are allowed at arbitrary
< Al A 1 positive ky. However, we observe that their effects at lower
< temperature T=145 MeV) are small. The reason is traced
2r 7 back to Eq.(B6). The term representing the probabilities for
0 I - - Pi— e - (g) and(h) in Fig. 9 is the fourth term. That integral at lower
0 100 200 300 400 500 600 700 800 temperature is suppressed due to the statistical weight, since
o (MeV) at lower temperature the massescofind 7+ are large.
Finally, we note that, as a consequence of the nonvanish-
! ' ' ' ' ' ' ' ing imaginary part of the sunset diagram, the spectral func-
N tion is also nonvanishing in the entire rangekgf
e
; ° V. SUMMARY AND PERSPECTIVE
[}
z “r We have studied the sunset diagram for scalar field theo-
Tl ries at finite temperature in the real time formalism. We have
T explained how we can reduce it to an expression written in
;é 2 terms of one-loop self-energy integrals, which can be easily
< evaluated numerically.
r As an application of the result, we have demonstrated
o , i , , , - how the spectral function af at finite T at one-loop order is

0 100 200 300 400 s00 600 700 soo  modified when we include the thermal sunset diagram. At

ko (MeV) high temperature, where— 77 is forbidden,o acquires a
finite width of the order of 10 MeV due to collisions with
thermal particles in the heat bath whibe does not have a
width at one-loop order. At lower temperature the spectrum
is almost unchanged.

Finally, we comment on the effect of other two-loop dia-
grams on the spectral function. We have seen that the thresh-
old enhancement, which was first found in the one-loop cal-
culation, is retained if we include the sunset diagram.
. . . . i However, in the present calculation the effect of the thermal
continuum. By including the sunset diagram acquires a width of 7 in the o— 7 decay is not included. This is
width of the order of 10 MeV. At lower temperaturd, taken into account by including the diagrams such as shown

=145 Mey, an enhancement of the spectrum_ near the Fig. 8, in which an internalr changes intar absorbing a
threshold is observed at one-loop order. When we include thﬁermalw in the heat bath

sunset diagram, this feature is not lost. . :
Let us next discuss the above results. At high temperature In the one-loop calculation,m has a width, I',

- : ’ . =50MeV, at the temperaturd,=145 MeV, at which the
(T=200 MeV), the mass O(f IS Sma”er than twice the PION 44 reshold enhancement is observed dorlf we include this
mass and the decay— wr is forbidden. As a result, within

the one-loop calculationr has zero width. However, at finite effect as a constant complex mass shift £oin the one-loop
P ) . : . L self-energy foro, we expects to acquire a width twice that
temperatures can interact with thermal particles in a heat

bath and change into other states. Among such process for , i.e.,I';=2I'; [28]. This implies that when the two-

. : . . 9 bp diagrams such as Fig. 8 are included the spectral func-
those which are taken mtt_) ac_count t?y including the sunset|§on for o would be significantly modified with the width of
diagram are represented in Fig. 9 witt® (b1, b5, d3) as-

signed to, for example,d o, 7, 7). The processes which

FIG. 6. Spectral function of ther mesonp,(ky,k=0) at T
=200 MeV (upper panel and T=145 MeV (lower panel. The
solid line corresponds tp,, at one-loop order and the dashed line to
that with one-loop self-energy and the sunset diagram.

We show p,(kg,k=0) at T=200MeV and T
=145 MeV in Fig. 6. AtT=200 MeV, the spectral function
at one-loop order consists of &function peak foro and a

correspond to(a) and (b) in Fig. 9 are possible fokk, R

>2mg,+ My, . This affects the spectrum at high ener(y). — —

and(d) in Fig. 9 drop off for positivek,. (e) and(f) affect the \ !

spectrum at low energy since they are possiblekisr mg,, Rk

—2mg,,. The processes which correspond(¢p and (h) in FIG. 8. Two-loop self-energy diagram in which internal

Fig. 9 are shown in Fig. 7. They are the most important andhanges intar by absorbing thermair in the heat bath.
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about 100 MeV. The calculations of those diagrams are now V1+n(ko) n(ko)
in progresg29]. U(k):( ) , (A9)
Vn(ko) V1+n(ko)
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For the calculations of thermal Feynman diagrams we 0 — AR (k;m)*

0] ’

adopt the real time formalism throughout this paper. We
briefly review the formalism in this appendix. . )
In the real time formalism propagators are given by 2whereAq(k;m) is the Feynman propagator a0,
X 2 matrices. The 4-components of the free propagator of a
scalar particle with mass are given by[19]
Ag(k;m):#- (Al1)
i kf—m-+in
iATy(kim) = —————+n(kg)2md(k?—m?),
k“—m*+in . . .
(A1) It is known thatU (k) also diagonalizes the full propagator
[19] as well aslI, (k)

i AT, (k;m) =e*[n(ky) + 6( — ko) 127 8(k2—m?),

(A2) T(k) 0
- -1 -1
iAgl(k;m):eflrko[n(ko)_i_ 6(k0)]2775(k2_m2), Hab(k) [U(k) ]ac _ [U(k) ]db'
0 —II(k)*
(A3) cd
(Al12)
[A5(k;m)= —mi—in n(ko) 27 8(k?—m?), This matrix equation gives relations between matrix ele-
-y ments:
(Ad)
where n(ko) is the Bose-Einstein distribution function at Rell(k)= Rell;,(k), (A13)
temperaturel =1/8:
1 ImTL(K) = tanh B|ko|/2)Im T 15(k), (A14)
nky)=——=rr—>- A5
ko)~ SxBlke) 1 (A%
Off-diagonal elements depend on a free parametdn this Im IT(k) =i sinh(B[ko|/2)I115(K). (A15)

paper we make the symmetrical choige- 8/2, leading to
Let us next find the expression of the spectral function.

iAD(k;m) =A% (k;m) =efloln(kg) 2 5(k2—m?). A1, has the following spectral representation:
(A6)
We denote the matrix of the full propagator by Au(k?m):f dw2p(w,K)AE (Ko, o), (A16)
_ Apa(kim)  Ag(k;m)
A(k;m)= : (A7) where we denote the argument &, by k, and w
Az(kim)  Apy(k;m) = Jk?+m? instead ofk andm. One can prove that, it ; is
Each component is the solution of the Schwinger-DysorTglVen In Bq.(A16), the Green function
equation: _
i _
Nastkim) = AT(kim) + AT (kM) ek Agy(kirm), M00= g deagbom (a1
(A8)
wherell 4(k) is the self-energy. obeys the Kubo-Martin-SchwingeiKMS) condition [31].
The following matrix From Eq.(A16) we obtain

076002-9
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1
p(K) == —tant(Blko|/2)Im Agy(kim).  (A18)

Our next task is thus to find the expression ofAm(k;m).
Denoting the diagonalized full propagator by

A(k;m) 0

Z=U(k)( )U(k)

0 —A(k;m)*
( [1+n(ko)JA(k;m)—n(ko)A(k;m)*

VN(Ko)[1+n(ko) J[A(k;m) —A(k;m)* ]

Taking the (1,1) components in both sides of the above

equation yields

Im A 14(k;m)=coth B|ko|/2)Im A(k;m).  (A21)

PHYSICAL REVIEW D 68, 076002 (2003

A(k;m) 0
U(k)‘lﬁ(k;m)U(k)*:( )
0 —A(k;m)*
(A19)

we obtain

Vn(ko)[1+n(ko) J[A(k;m)—A(k;m)* ]

(A20)
—[1+n(ko)JA(K;m)* +n(Ko) A(k;m)
[
1 IMmII(K)
p(k)=—— — — .
T [k?—m?—Rell(k)]?+[ImII(k)]?
(A24)

The expression for (k;m) can be found in the following 1,5 the spectral function can be written only with one com-

manner. In Eq(A8), iteratively using Eq(A8) itself in the
right-hand side and diagonalizing, we obtain

U (k)" A (k;m)U (k)
(Ag(k;m) 0 )
0 —Af(k;m)*

Af(k;m) 0
+
0 — A§(k;m)*

TI(k) 0
X

H(k)*
Af(k;m) 0
X

0 — Af(k;m)*

0o _

(A22)

The (1,1) component of this equation gives
A(k;m)=[U(k) " "A(k;mU(K) 1y
= AL (k;m) + AF (k) IT(K) AF(k;m) + - - -

-t (A23)
k2—m2—TI(K)

Therefore, from Eq9A18), (A21), and(A23), we obtain the
desired expression of the spectral function:

ponent of the self-energies while all the components enter
A4(k;m) [see Eq(A8)].

APPENDIX B: STRUCTURE OF THE IMAGINARY PART
OF THE SUNSET DIAGRAM

In this appendix we study the structure of the imaginary
part of the sunset diagram. We rederive the resulf8eb]
by extending the method for bubble diagrams by Fujimoto
et al.[32]. Following the method by the authors, we use Eg.
(A15) [32], namely

Imifsur(k;mlumbma)

=i sinh( B[ ko|/2)i Zsud k;my,mz,m3) 1. (B1)

Here Zg,{k;m;,m,,mjz) is the (1,1) component of the di-
agonalized self-energy matrix for the sunset diagram in real
time formalism, an@B3=1/T (T is temperature We note that
the self-energy which actually enters spectral functions is the
diagonalized ongsee Eq(A24)]. Z,{k;m;,m,,m3) 5 is the
(1,2) component of the sunset diagram, which is given by
the following integral:

d'p
Wl AT (p;my)

XiZpuK—p;my,m3) 1, (B2)

iIsur(k;mlimva3)12:f

whereAfz(p;m) is the (1,2) component of the free propaga-
tor whose expression is given in E@\6). Here, it is conve-
nient to use its another form:

076002-10
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iAT(p;my) = ePPo2f(pg) e(po) 27 8(p?—m3),

1
f(Po)=—5o—— (B3)

efPo—1"

i Zpu(P; My, mMy) 1, denotes thél,2) component of the bubble
diagram:
i Zpu K= P;mz,mM3) 12
v

oy

—— AT M) i AT (k—p—g;mg).

)
(B4)
One can reduce this equation to
i Zpud P; My, My) 1= ieP Ko™ PI2f (ko —py)
X J &' ———{(1+ny+n3)[ (kg
(2m)% 4E2E3

—Po—Ez2—E3)—d(ko—po—Ex+E3)]

—(N2—=nz)[ (Ko~ pPo— Ex+Es)

— (ko= po+E2—E3)]}, (BS)
whereE,=/|q]?+m2 andE;=\/[k—p—q|>+m32. We also
defineE, = /|p|?+ mZ for later usen; is the Bose-Einstein

factor defined byn;=n(E;)=1/(¢’5—1). Using Eqs(B1)
and (B2) in which Eq.(B5) is substituted yields

Im ifsun(k;mlymvaB)

o] 22

X (1+n3)(1+n3)—ninyngld(ko—E;—Ey—Ej)

d*q 1
(27)% 8E1E2E3

{[(1+ny)

+[Nninonz—(1+n7)(1+ny)(1+n3)]8(kg+E;
+Ex+E3)+([n2n3(1+n) —ny(1+n;)(1+n3)]
X 6(kg—E1+E>+Ez)+[ny(1+n,)(1+n3)
—NaNn3(1+ny)]8(ko+Ey—Ex—E3)

+ (permutationy)}. (B6)

PHYSICAL REVIEW [®8, 076002 (2003

(d)

()

@

()

FIG. 9. The amplitudes in EqB6) responsible for the disap-
pearance and reappearancedaof ¢; stands for an antiparticle of
¢;. (@ minus (b) corresponds to the first term in E¢B6), (c)
minus(d) to the secondie) minus(f) to the third, andg) minus(h)
to the forth. Amplitudes obtained by permuting particle labels of
(e), (f), (g), and(h) also exist.

+ny). Herea stands for the antiparticle ab;. The forth
term is the antiparticle counterpart of the third term. It rep-

resents the probability forD$1—>¢2¢3 with the weight

Nn{(1+n,)(1+nz) minus that for ¢,dh3— PP, with the
weightn,ns(1+n;). All processes are shown in Fig. 9.

We next find the region ok? where the physical pro-
cesses contained in EEB6) are possible, which is equiva-
lent to looking for the condition under which the integral
over q in Eq.(B6) survives. For the first and the second
terms in Eq.(B6) to be nonvanishingk? must satisfy the
conditionk?> (m; + M,3)?, whereM ,5 is the invariant mass

In this equation “permutations” stands for the terms ob- ;¢ + 2ndq4.. Therefore. the processes in Fig&)9-9(d) are
tained by permuting the particle labels of the third and thepofszible f(é)rak2>(ml+m;+m52 sinceM 3> g](i)r n?i.)The

forth terms. ; ; 2
. . third and the fourth terms survive whed<(m;—M )2
Let us now consider the physical content of E86). The The processes in Figs(@—(h), therefore, take place at

first term in Eq.(B6) may be _interpreted_ag the pr_obability arbitrary k2. This is reasonable since the processes in Figs.
for the decay®— ¢1,¢3 with the statistical weight (1 o) and gh) are scattering ones and since those in Figs. 9

+ nl)(l.j.L N2) (1+ng) for_ stimulated emis_sion minu'_s the and gf) can be also regarded as scattering by interpreting the
probability for the creationg,¢p,¢;— P with the weight incoming® in (e) as an outgoing antb and by doing the

n.{n,n5 for absorptiqn. The second t.erm is the antiparticleoutgomgq) in (f) as an incoming ant. Accordingly, the
counterpart of the first term. The third term represents th‘?maginary part of the sunset diagram is nonvanishing for

probability for  ¢,3— ¢, with the weightnng(1+ny)  arbitrary k2, which is a remarkable feature of the thermal
minus that for¢;— ® ¢,¢5 with the weightn(1+n,)(1 self-energy at and beyond two-loop ord8r5].
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